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Abstract 

In this paper, we will present a general formalism for constructing the nonlinear 
charge coherent states which in special case lead to the standard charge coher- 
ent states. The suq(1,1) algebra as a nonlinear deformed algebra realization of 
the introduced states is established. In addition, the corresponding even and odd 
nonlinear charge coherent states have been also introduced. The formalism has the 
potentiality to be applied to systems either with known " nonlinearity function" /(n) 
or solvable quantum system with known "discrete non-degenerate spectrum" e n . As 
some physical appearances, a few known physical systems in the two mentioned cat- 
egories have been considered. Finally, since the construction of nonclassical states 
is a central topic of quantum optics, nonclassical features and quantum statisti- 
cal properties of the introduced states have been investigated by evaluating single- 
and two-mode squeezing, su(l, l)-squeezing, Mandel parameter and antibunching 
effect (via ^-correlation function) as well as some of their generalized forms we have 
introduced in the present paper. 

PACS: 42.50.Dv, 42.50.-p 

Keywords: Nonlinear coherent states, pair coherent states, nonlinear charge coherent 
states, even and odd nonlinear charge coherent states. 

1 Introduction 

Simultaneous with quantum mechanics birth, Schrodinger while working on quantum 
harmonic oscillator, introduced coherent states pQ. But it was further to prominent 
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investigations of Glauber and Sudarshan [21 13] on genesis of laser as first accessible source 
of standard coherent stats that studies on these states have been started, strictly. Many 
attempts in recent decades have been made along generalization of standard coherent 
states. Nevertheless, all of the generalized coherent states can be displayed in three main 
categories. Based on algebraic (q— deformed [I] and nonlinear coherent states [S] E]), 
symmetric considerations (coherent states of SU(1, 1) and SU(2) group [HE]) and finally 
the coherent states associated to potentials other than harmonic oscillator [91 [10] [TTj . 
However, in all of the above states the quanta involved are uncharged. Pair coherent 
states were introduced in [12]. The usefulness of these states for the description of pion 
production in high-energy collisions is also clarified. But later they have been called as 
"charge coherent states" in [13] and again as "pair coherent states" in [H][T5]. Any way, 
the notion of "charge coherent states" has proved it's successive usefulness in many areas 
of physics researches. As a few examples one may refer to elementary particles physics 
[TBI [T7] . nuclear physics [JS], quantum physics [JJJ], quantum field theory [20] [21] and 
quantum optics [22] [23] fields. These states are generated through physical schemes in 
the quantum optics studies [221 12H 12S1 121]. The "standard charge coherent state" are 
simultaneously eigenstates of two commuting operators, i.e., charge operator given by 

Q = a\ai — a} 2 a2, (1) 

and pair annihilation operator a\02 with eigenvalues q and £, respectively, i.e., 

Q\t,q) = Q\t,q), 
aia 2 \£,q) = (\(,q). (2) 

The explicit form of the eigenkets have been called as charge coherent states represent a 
well-known class of states within the general theory of coherent states and in the relevant 
literature [2Z] read as 

q>0, 

q < 0, (3) 

where the kets \m,n) are the two- mode number states and are the normalization 

factors may be determined as 

a/; (±) = i^i^m) (4) 

with I q (x) as the first order of modified Bessel function of the first kind. At this point 
it is worth to mention that from the group theoretical point of view the above states are 
nothing but a SU(1, 1) coherent states. This is due to the fact that the operators a\a2 and 
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^ tn 

= A/-W(|£| 2 )- 1/2 E ; \n + q,n), 

00 tn 

\^) { - ] = ^t ] (\er 1/2 Y: r4 — g i".*- g ), 

t^ Vn\(n-q)\ 



it's conjugate are two of the three generators in the Schwinger-like definition of SU(1, 1). 
In addition, the eigenvalues of the Q charge operator is essentially the representation index 
of the principle-series representation of SU(1, 1) group where C = (1 — Q 2 )/4 represents 
the corresponding Casimir operator. The states in ([6]) are simultaneously eigenstates of 
k_ and C. 

Then, Liu constructed even and odd charge coherent states that are eigenstates of 
both operators Q and (aia 2 ) 2 [28], i.e., 

Q l^>g) = g|e,ff>$, 

M%q)% = e\t,q) { $ y (5) 
These latter states are explicitly defined as 

|e,g)( ± )=ATf ) (|e,g)±|-e,g)) (6) 

where 



A/"' (±) = — 
V2 



±q±wi ±) m- q/ %(Vm) (7) 



in which the closed form of Afq^ has been defined in (jlj) and J q (x) is the Bessel function of 
the first kind. Liu et al followed k— component coherent states idea in |29j and constructed 
A;— component charge coherent states which are eigenstates of "charge" and the fcth-powers 
of "pair boson annihilation" operators [30J. The well-known q— deformed coherent states 
[I] are defined as the right eigenstates of b = f q (n)a, with 



f q (n) 




q -n-l 



l){q-q 



provided that < q < 1. It is worth mentioning that the specific notation q in the 
description of f q {n) is choosed here to distinguish it from the eigenvalues q of Q operator. 
The nonlinearity of g-deformed oscillators were realized in the dependence of frequency 
on the intensity (n = at a) of light. Using this deformation Chatourvedi and Srinivas- 
san constructed q— deformed charge coherent states that are eigenstates of both charge 
operator in (TI)) and pair q— boson annihilation operators [31], bib 2 with b{ = f q (rii)ai 
for i — 1,2. The even and odd q— deformed charge coherent states are eigenstates of the 
square of the pair q— deformed annihilation operators (&1&2) 2 and the charge operator |32j . 
Liu by using the concept of k— component q— deformed coherent states [33] introduced 
the k— component q— deformed charge coherent states [31] that are eigenstates of charge 
operator in ([1]) and fcth-power of q— deformed boson operator (bib 2 ) k . 

On the other side, nonlinear coherent states were first introduced by de Matoes Filho 
and Vogel [5] and Man'ko et al |6J. These states are defined as right eigenstates of the 
/—deformed annihilation operators A = af(n), where f(n) is the nonlinearity function. 



3 



As established by Vogel et al [5j [35] a special set of these quantum states may be gen- 
erated as the stationary states of the center-of-mass motion of a trapped ion far from 
the Lamb-Dicke regime. There has been shown that there are so many generalized co- 
herent states that can be put in this important category with some special nonlinearity 
functions [351 EZ]- Indeed, these states provide a powerful method which can unify the 
mathematical structure of a lot of generalized coherent states introduced in the literature. 
So, a reasonable and natural extension of the standard and g-deformed charge states is 
provided by the notion of " f- deformed charge coherent states" . The main purpose of the 
present work is to introduce a general formalism for the construction of a wide classes 
of charge coherent states based on the nonlinear coherent states method. It is worth to 
mention that upon the relation between nonlinearity function of nonlinear coherent states 
and the Hamiltonian of the quantum systems proposed by one of us [36J EH] the formalism 
can be extended to solvable quantum systems with discrete non-degenerate spectra. We 
hope that the introduced nonlinear charge coherent states in the present paper which 
stream to nonlinear physical systems may find their useful applications in various fields 
of researches, as the standard charge coherent states [16j-[26j. 

The paper organized as follows. In section 2 we outline the general structure of nonlin- 
ear charge coherent states. The nonlinear algebraic realization of the suq(1, 1) generators 
for the introduced states is established in section 3. Then, by symmetric and antisym- 
metric superposition of nonlinear charge coherent states, even and odd nonlinear charge 
coherent states have been constructed in section 4. Next, in section 5 we study the 
nonclassical properties and quantum statistics of the introduced states via investigating 
single- and two-mode squeezing in addition to su(l, l)-squeezing, Mandel parameter, and 
two-mode second order correlation function together with all of their generalized forms 
will be introduced in the present work. Finally, in section 6 we apply our presented for- 
malism to a few physical situations either solvable quantum systems with known " discrete 
spectrum" e n or nonlinear oscillator systems with known "nonlinearity function" f(n). 
For instance, "Sudarshan harmonious states" and " SU(1, 1) coherent states" as the first 
type and "hydrogen-like spectrum", "Poschl- Teller" and "infinite well potentials" as the 
second type will be considered and discussed. 

2 Introducing the nonlinear charge coherent states 

In this section using the nonlinear coherent states method [6j [36] we introduce the nonlin- 
ear charge coherent states in a general structure. Consider /—deformed ladder operators 

Ai = aif(rn), = f\rn)a) h (9) 

where cij, a\ and rij = ajdj, i — 1,2 are respectively boson annihilation, creation and 
number operators of zth mode, and f(n) is a nonlinear function characterizes the physical 
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systems. The pair /—deformed boson annihilation operator A1A2 and charge operator 
commute with together, i.e., [Q^i^b] = 0, where charge operator keeps its previous 
definition in (JTJ. Thus, the latter two operators should satisfy eigenvalue equations as 
follow 

Q\Z,q,f) = q\(,q,f), 

A l A 2 \z, q ,f) = m,qJ), (10) 

where £ G C and q is an integer has been called charge number. These eigenstates have 
generally the following expansion 



!£>?>/) = ^2 c n,m\n,m). (11) 



n,m=0 



Substituting fTTTl) in fflUj) and calculating expansion coefficients one straightforwardly ob- 
tains two distinct states as follows 

ie,g^) (+) =^+)(|£| 2 )- 1/2 ^r^==— — — -\n + q,n), g>0, (12) 

^ y/n\[n + q}\ [f(n)]\ [f(n + q)}\ 



00 * n 

\t,Q,f) H =rf-H\t\ 2 V l/2l Er / n m/r muh — w ln > n - q) > q -°- (13) 

^ Vn![n-g]![/(n)]![/(n-g)]! 
The latter states can be put in the following single expression 



^V" ! ln+\q\Y-[f(n)]\[f(n+\q\)}\ 

n + ilH jn _izM\ (14) 



X 

2 

with normalization constant given by 

00 |t| 2n 

•A/"(iei 2 ) = y o- (15) 

hn\[n+\q\]\{[f(n)}\[f(n+\q\)}\} 2 
Note that in obtaining ( TT2]) - fjT3|) using the conventional definitions 

[/(n)]! = /(n)/(n-l).../(l), [/(0)]! = 1, (16) 

we have defined 

[n + \q\]l = (n + \q\)(n - 1 + |g|)...(l + |g|), [|g|]! = 1, 
[f(n + |g|)]! = f(n + \q\)f(n - 1 + |g|).../(l + |g|), [f(\q\))\ = I. (17) 
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To endorse our formalism we can substitute f(n) = 1 in above relations and check that 
standard charge coherent state in (|6]) will be obtained. It is worth noticing that by 
substituting the q— deformation function ([8]) in the above results one can not expect the 
exact result of q— deformed charge coherent states in [32]. This is due to the fact that 
we began our presented formalism of nonlinear charge coherent states with the deformed 
annihilation operator A = af(n), while in [32] the authors used the definition A = f q (n)a. 
Moreover, due to the relation f(n)a — af(n — 1) replacing n with n — 1, the consistency 
of the formalism will be revealed. We would like to mention that the g-deformation 
nonlinearity in Eq. (8) has no zeroes at positive integers, and this feature is not changed 
by replacing n with n — 1. So in both cases the Ston-Von Numman theorem can be 
extended to the case of the related operators A and A'. Also the ladder operators are 
irreducible over the Fock space. 

3 Deformed algebraic realization of the introduced 
states 

Liu considered the standard (undeformed) su(l, 1) Lie algebra generators in terms of the 
two-mode boson operators as j2B] 

= aia 2 , k + = a\a\, k Q = -(a\ai + a\a 2 + 1). (18) 

The relavant coherent states are well-known charge coherent states or Barut-Girardello 
coherent states [7J H21 [13] . Keeping in mind the Liu work and following the path of Hu 
and Chen in [39], we choose the associated generators for our nonlinear charge coherent 
states using the /—deformed ladder operators in ([9]) as follows: 

K_ = A 1 A 2 , K+ = AjAj, [K.,K + }=2K , (19) 

where Kq can be calculated as 

K = i[(m + l) fin, + l)(n 2 + l)f(n 2 + 1) - ni/ 2 (7ii)n 2 / 2 (n 2 )]. (20) 

Obviously one has K_ = (K + Y, (tf_)t = K + and K = K ] . Now it can be easily checked 
that the following commutation relations hold: 

[K ,KJ\ = -K_g(n u n 2 ), [K ,K + ] = g(n u n 2 )K +} (21) 

where we have defined: 

g{n u n 2 ) = \[{n x + l)/ 2 (m + l)(n 2 + l)f(n 2 + 1) - mfim) 

x n 2 / 2 (n 2 ) + (n 1 -l)/ 2 (n 1 -l)(n 2 -l)/ 2 (n 2 -l)]. (22) 

Thus, we established the nonlinear deformed algebra denoted by us as suq(1, 1) for the 
nonlinear charge coherent states in (Q3J). 
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4 Even and odd nonlinear charge coherent states 



We can construct the even and odd nonlinear charge coherent state via symmetric and 
antisymmetric superposition of nonlinear charge coherent states introduced in ( fl2|) and 
(TTB"]) such as: 



|{, S ,/>S, = V»(ki 2 ) 1/2 a/-«(|^)- 1/2 



(o) ~" 2 Vl 1 ; e (°) 

x (|e,g,/) (±) ±|-e,g,/) {±) ), <7>0. (23) 

The explicit form of the above states for the case q > then straightforwardly may be 
obtained separately as 

oo 

-1/2 ^2n 



rc=0 

|2n + g,2n), (24) 



v /(2n)![2n + g]! [/(2n)]! [f(2n + g)]! 



r2n+l 



^ v/(2n + l)![2n + l + g]! 

X [/ (2 n+1 )].[/ 1 (2 n+1 + ,)]. ' 2 " +1 + ^" +1 >- < 25 » 
The two normalization constants can be calculated as follows: 

= ^'(i^)4E „ ![n+g i !{[ ^|;; /( „ +g)1!} , w 

where AA + )(|£| 2 ) may be obtained from ffTBT) when g > 0. By replacing 2n with 2n — q in 
relations ( 1241) and ( |25i) one can obtain the associated states for q < 0. It is easy to check 
that these states may also be obtained as the eigenstates of squared of pair /—deformed 
annihilation operators with eigenvalues £ 2 , i.e., 

(A 1 A 2 ) 2 \Z,q,f) e{o) = e\Z,qJ)e(oy (27) 
Also, the following relations hold 

/I W./O-w^o^ (28) 



e(Z,q,f\e,q,f)o = 0. (29) 

The Dirac delta function in (1281) explains that the even nonlinear charge coherent states 
are orthogonal to each other relative to charge number. Similar situation holds for odd 
nonlinear charge coherent states, too. In addition, the relation (129]) indicates that even 
and odd nonlinear charge coherent state with identical charge number and clearly the 
same nonlinearity function are orthogonal. 
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5 Nonclassicality of the introduced states 



Motivations to introduce generalized coherent states theoretically and to produce them 
in the laboratory are mainly due to their nonclassical properties which their usefulness in 
sensitive measurements is a well-known subject. In this section we would like to illustrate 
what nonclassical properties will be considered by us to investigate the nonclassicality 
features of the introduced states. To achieve this purpose we will check various properties 
such as single- and two mode- squeezing, su(l, l)-squeezing, Mandel parameter and second 
order correlation function (also their new generalized forms which we will define). It is 
worth mentioning that only one of the latter properties is sufficient for a states to be 
considered as nonclassical states. 



5.1 Squeezing effects 

Different squeezing parameters will be outlined in this subsection. 

5.1.1 Single-mode squeezing and it's generalization 

Usually quadrature operators of filed in two-mode are defined as follows 

a^ + ai i(aj - ai) , . 

yi = — g — ' m = 2 ' ^ ' 

_ o 2 t + a 2 _ t(a 2 t -q 2 ) 
z i 2 ' 2 ~~ 2 ' 

where yi, % = 1,2, indicates to the quadratures of the first mode and Z{ to the second 
mode. They satisfy the canonical commutation relations: 

% % 
[3/1,2/2] = 2' [*i>*a] = 2- ( 32 ) 

So, the uncertainty relation for above conjugate operators read respectively as 

((A yi ) 2 )((Ay 2 ) 2 ) > 1, ((A^) 2 )((A^ 2 ) 2 ) > 1, (33) 

where in these relations and all other cases which will be followed the uncertainties in 
any partner of a set of conjugate operator defined by {(Ax) 2 ) = (x 2 ) — (x) 2 . Therefore, 
single-mode squeezing occurs in the first mode for any quantum state if 

((Ay t ) 2 )<± 2 = lor 2, (34) 
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and similarly for the second mode. The corresponding fluctuations with respect to the 
states introduced in (fill) are give by 

((AyO 2 ) = {^y2f) = \Uu{\i\ 2 r l 



n=0 



E (n _ i)| [n + \ q \]\{[f(n)]\ [f(n + |g|)]!} 2 + 1 \' (35) 
<(A^) 2 > = ((Az 2 f) = ±{2Af(\^ 

X ^n! + + (36) 

Equations ( 1351) and ( 1361) show that the inequalities ((A?/j) 2 ) > ~ and ((A,2j) 2 ) > | always 
hold for z = 1 or 2. These results indicate that single-mode squeezing can not occur for 
any arbitrary function f(n). 

Changing the boson operators in relations (1301 and (13TT) by /—deformed ladder op- 
erator, we define the "generalized quadrature operator^' respectively for first and second 
mode as follows 

* = ^, 07) 

V + a 2 ^ f - A 2 ) 

£>\ = ^ ' Z2 = 2 ' ^ ' 

These two pairs of quadratures satisfy the noncanonical commutation relations: 

[Yi, Y 2 ] = l[(n a + l)/ 2 (m + 1) - mfK)], (39) 

[Z lf Z 2 ] = |[(n 2 + l)f 2 (n 2 + 1) - n 2 / 2 (n 2 )]. (40) 
So, the uncertainty relations are respectively given by 

((AF 1 ) 2 )((AF 2 ) 2 ) > l|<(m + l)/ 2 (m + 1) - nxflm))! 2 , (41) 

((AZ0 2 )((AZ 2 ) 2 ) > l|((n 2 + l)/ 2 (n 2 + 1) - n 2 / 2 (n 2 ))| 2 . (42) 

lb 1 1 

A state is said to be single-mode squeezed in Yi if 



and 



and in Z,- if 



((AYj) 2 ) < - 1 + i)/ 2 (m + 1) - m/V)) |, (43) 

((AZO 2 ) < jKCna + l)/ 2 (n 2 + 1) - n 2 / 2 (n 2 ))| 2 . (44) 

where in ( l43l and ( 1441) z = 1 or 2. It can be easily checked that single-mode squeezing 
can not hold for arbitrary f(n) function similar to ( |35l) and ( |36l) . 
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5.1.2 Two-mode squeezing and it's generalization 



Following the definitions in [28, 40J with the help of (1301) and ( 1311) we now introduce the 
two-mode hermitian quadrature operators: 

Vl+Zl V2 + z 2 , 

Wl = —JT' W2 = —JT' (45) 

that satisfy the canonical commutation relation 

[wi,w 2 ]^ 1 -. (46) 

The uncertainty relation is simply obtained as 

((A Wl ) 2 >((A^ 2 ) 2 >> J_. (47) 

The two-mode squeezing for nonlinear charge coherent states may be observed if 

({A Wi ) 2 )<±, * = lor2. (48) 

The fluctuations in W\ and w 2 may be calculated straightforwardly, where again it is 
observed that there are not two-mode squeezing with respect to introduced states for any 
arbitrary f(n) function. 

Generalizing the proposal, by replacing a and a) respectively with A and A' in relations 
( 145]) we can define new "generalized two-mode quadrature operators" as 

Y 1 + Z 1 Y 2 + Z 2 

where Yi and Zj (i = 1, 2) defined in ( 1371) and (1381 . These quadratures satisfy the following 
commutation relation 

[W h W 2 } = '-[(m + Vfim + V-mfim) 

+ (n 2 + l)f(n 2 + l)-n 2 f 2 (n 2 )}. (50) 
Uncertainty relation corresponding to these conjugate quadratures read as 

((A^) 2 )((A1V 2 ) 2 ) > \\([W U W 2 ])\ 2 . (51) 
So, generalized two-mode squeezing for nonlinear charge coherent states may be observed 

S Wi = ((AW t y)- -\([W U W 2 ))\ < 0, (52) 

where % = 1 or 2. 
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5.1.3 su(l, 1)— squeezing and it's generalization 

Following the Wodkiewicz and Eberly proposal in j5T] we now consider two hermitian 
quadratures that constructed from usual su(l, 1) generators k + , k- were defined in ( JT8l) 

as 

k + + k_ i(k + — kJ) 

xi = ^ ' X2 = 2 ' ^ ' 

satisfy the commutation relation 

[xi,x 2 ] = -{n-i + n 2 + 1). (54) 
The uncertainty relation for these quadratures will be written as follows 

((Ax 1 ) 2 )((Ax 2 ) 2 ) > \\{[x u x 2 \)\ 2 ■ (55) 
A state is said to exhibit su(l, l)-squeezing if 

S Xt = ((Ax i ) 2 )-^\([x 1 ,x 2 })\< 0, * = lor2. (56) 



Following the Liu proposal |32j we now consider two hermitian /—deformed quadra- 
tures as 

*=*t±^, X^&^>, ,57) 

where K + and K_ were defined in (j!9p . These quadratures satisfy the commutation 
relation 

[X X ,X 2 ] = '-[(n, + l)/ 2 (m + l)(n 2 + l)f(n 2 + 1) - 7n/ 2 (ni)7i 2 / 2 (n 2 )]. (58) 
The uncertainty relation for these quadratures will be written as follows 

((AX 1 ) 2 )((AX 2 ) 2 ) > i|([X 1? X 2 ])| 2 . (59) 
A state may exhibit generalized su(l, l)-squeezing if 

S Xi = ((AX,) 2 ) - ±\([X U X 2 ])\ < 0, z = 1 or 2. (60) 

5.2 Quantum statistics of nonlinear charge coherent states 

A familiar quantity in quantum statistics is the photon count probability The probability 
of being n photons in first mode and n — q photons in the second mode for nonlinear charge 
coherent states in (fT4"|) may be given in the following closed form expression 

p(n+ n - = Mm 2 )- 1 le|2 " - (61) 

V 2 ' n 2 ) n\[n+\ q \]\{[f(n)}\[f(n+\ q \)}\r [bL) 

Moreover, there are two measures that may be used to study the fluctuations of quanta 
number distribution as the "Mandel's Q parameter" and "second order correlation func- 
tion" which will be considered by us. 
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5.2.1 Mandel parameter and it's generalization 

Mandel parameter ordinarily is defined as follows |42j : 



Qt = - !• < 62 > 

yH) 

where the superscript "a" indicates that we have used bosonic ladder operators and hence 
rii = ajaj, and the subscript i — 1, 2 indicates the first and second mode, respectively. 
At this point we would like to generalize the definition (162]) to the following form 

Qf = MLZjM! _ !, (63) 

where again the superscript "A" indicates that we have used iVj = AlA, and the subscript 
i — 1, 2 indicates the first and second mode, respectively. 

The negativity of Mandel parameter in ( |62l) or its generalized form in ( |63l) indicates 
that the quantum statistics is sub-Poissonian, which shows the nonclassicality of the state. 



5.2.2 Two-mode correlation function and it's generalization 

Generalizing correlation function definition of a single-mode field, Liu defined the two- 
mode correlation function as [281: 



9 = ^>- (64) 

Two-photon number distribution is related to this measure, where it determines the two- 
photon correlations degree in a two-mode field. If g < 1 the state is said to have two-mode 
antibunching characterizes the nonclassically of the state. 

Following Liu definition in [28J we now define the "generalized two-mode correlation 
function" as: 

G= (W>, (65) 
(AW} 2 

where iVj = A^Ai for i = 1,2 . If G < 1 the state is said to have generalized two- mode 
antibunching, i.e., it possesses nonclassicality behavior. 



5.3 Nonclassicality of even and odd nonlinear charge coherent 
states 

We followed this section with a few words on the nonclassicality of the even and odd 
nonlinear charge coherent states. It can be straightforwardly checked that the single- 
and two-mode squeezing (and their generalized forms) may not be occurred for even and 
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odd nonlinear charge coherent states. This observations are the same as the previously 
mentioned results for the original nonlinear charge coherent states. But, other criteria 
such as su(l, l)-squeezing, Mandel parameter and the generalized form of it introduced 
respectively in ( 1621) and ( 1631) . also the two-mode correlation function as well as it's gener- 
alized form respectively introduced in (EIJ and (Itjo"]) . will be discussed for even (and odd) 
nonlinear charge coherent state. 

The probability distributions for even and odd nonlinear charge coherent states are 
respectively given by 

P e (2n, 2n + \q\) = A^lT' „ m ■ i n.rr'Cr^ ^ (66) 



(2n)\[2n+\q\]\{[f(2n)]\[f(2n-q)]\} 



and 



P (2n + l,2n + l + |g|) = K(\Z\ 2 ) \(?n + 1)! [2n + 1 + | ^ | ] ! > 1 

|£| 2n+1 

X {[/(2n+l)]![/(2n + l + |g|)]!} 2 - (6?) 

It is clear that P e (2n + 1, 2n + 1 + |g|) = and P (2n, 2n + \q\) = 0. Oscillatory nature 
of these distributions indicates the obvious nonclassically feature of the latter states. 



6 New classes of nonlinear charge coherent states 
corresponding to physical systems and their non- 
classical features 

In order to illustrate the physical applications of the presented formalism in the paper, let 
us apply the structure on some physical systems which the associated " nonlinear coherent 
states" and so their corresponding nonlinearity functions, or their " discrete spectrum" 
have already been known. Recalling the normal-ordered Hamiltonian of the nonlinear 
oscillator it will be enough for our intention to introduce the discrete spectrum e n or the 
nonlinearity function f(n). According to the proposed method by one of us in [551 EZ] 
these two physical quantities are simply related by e n = nf 2 {n). Thus, knowing the 
explicit form of e n one can obtain the corresponding nonlinearity function as f(n) = 
and vice versa. Then, substituting a special nonlinearity function f(n) into "equations 
(I12p and (fl3|) " or "equations (124)) and (1231) " give readily the explicit form of "nonlinear 
charge coherent states" or "even and odd nonlinear charge coherent states" associated 
to each particular system, respectively. Therefore, to economize in space the explicit 
form of nonlinear charge coherent states associated to particular physical systems will be 
introduced in the continuation of the paper have not been given. 

It must be noticed that since we are interested in the nonclassical properties of the 
states of the field, and due to the exitance of numerous nonclassical criteria have been 
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outlined in the paper, we will mainly focus on the presentation of the numerical results 
which the nonclassicality aspects of the introduced states may be deeply clarified. 



6.1 Application to physical systems with known discrete spectra 

In this subsection we will deal with some classes of nonlinear coherent states associated to 
quantum systems whose corresponding spectra are known. Recall that it contains only a 
few quantum mechanical systems in physical context. Among them we will pay attention 
to Poschl- Teller potential and Hydrogen-like spectrum. 

Example 1, Poschl-Teller potential: The interest in this potential and its coherent 
states is due to various applications in many fields of physics particularly in atomic and 
molecular physics. The associated Gazeau-Klauder coherent states have been demon- 
strated and discussed nicely by Antonie et al [43] with the convergence radius R = oo. 
The corresponding spectrum is e n = n{n + u), so the associated nonlinearity function is 



where the case v = 2 corresponds to infinite potential well. We fixed the parameters q = 2 
and v = 3 in all computational calculations which take into account this particular sys- 
tem. Our numerical results are as follows. From figure 1 it is seen that su(l, 1)— squeezing 
in X\ quadrature occurs for nonlinear charge coherent states ( fl~2l) corresponding to the 
latter potential. While for the standard charge states no such squeezing is seen in neither 
of the quadratures. Our further numerical calculations show that the su(l, 1)— squeezing 
for the corresponding nonlinear charge coherent state occurs in X\ quadrature, too. Fig- 
ure 2 shows that for both classes of even charge states, either standard or nonlinear, 
su(l, 1)— squeezing has been occurred in x 2 quadrature in some regions of x = |£| 2 . Fig- 
ure 3 shows that the same results may be obtained qualitatively for X\, X 2 . But in this 
case the strength of squeezing in X 2 for the nonlinear charge states is much higher than 
the standard one. According to our numerical results concerning the correlation g— factor 
for latter potential and all of the introduced nonlinear charge states is less than 1. For 
instance, see figure 4 which indicates the two-mode antibunchig effect for the nonlinear 
charge coherent states as well as the same quantity for the standard charge states. It is 
clear from the figure that while g < 1 nearly in all range of x, for the standard charge 
states it is approximated to 1, i.e. the same as canonical (classical) coherent states. Fig- 
ure 5 shows the generalized correlation G— factor for odd nonlinear charge coherent state 
together with the standard charge states, from which we observe that G < 1 for non- 
linear charge states in a wide region of x, indicates the nonclassicality of the nonlinear 
odd charge states. This quantity for the standard charge states also becomes negative, 
but only in a finite region of space, i.e., x < 1.75. Mandel parameter in ( )62|) and its 
generalized form in ( |63l) for the nonlinear charge states in both modes can be negative. 
For instance, as it is shown in figure 6 Mandel parameter has been plotted using ( |62|) for 





v > 2 
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first mode, which is negative for arbitrary x, either standard or nonlinear charge states. 
But it is noticeable that in contrast to all previous cases in which the nonclassicality of 
nonlinear charge states become more high light with respect to the standard one, concern- 
ing with the latter quantity although both are negative, the negativity of the nonlinear 
charge states are less than standard one. 

Example 2, Hydrogen-like spectrum: We now choose the hydrogen-like spectrum whose 
the corresponding coherent states have been a long standing subject and discussed fre- 
quently in the literature |44j . The one-dimensional model of such a system with the 
Hamiltonian H = — and the eigenvalues E n = —u/{n + l) 2 has been considered 

(u = me 4 /2, and n = 0,1,2,...). But to be consistent with the proposed formalism in 
[37] one must take the shifted Hamiltonian e n = 1 — j^+fv where we have taken u = 1. 
Thus, for the nonlinearity function corresponding to such a system one obtains [37] 



The nonlinear coherent states corresponding to this nonlinearity function may be defined 
on the unit disk centered at the origin. We fixed the charge parameter q = 2 in all 
cases which take into account the hydrogen spectrum. Our numerical calculations show 
that the su(l, 1)— squeezing occurs in X2 quadrature when the nonlinear charge coherent 
states and even nonlinear charge coherent states take into account (see for example figure 
7 which is plotted for nonlinear charge coherent states). It is also seen from figure 7 
that for the standard charge states the graphs of squeezing coincide with the horizontal 
axis. So nonlinearity causes the nonclassicality considering this criteria. According to 
our computational results, for nonlinear charge coherent states associated to hydrogen- 
like atoms the Heisenberg uncertainty relation ( 1591) is saturated. Therefore, the obtained 
states can be regarded as the generalized intelligent states [IS] with respect to those 
quadratures. This situation also holds for standard charge states as it is seen from figure 
1. For even nonlinear charge coherent states su(l, 1)— squeezing will be observed in X\ 
quadratures, and the same behavior occurs for the standard charge states (see figure 
8). For the associated odd nonlinear charge coherent states the inequality g < 1 holds 
in a finite region of x near the origin (see figure 9). As it is observed this quantity 
is approximated to zero for the standard charge states (so possess no nonclassicality 
criteria). Our numerical calculations shows that G < 1 for all of the permitted values 
of x associated to odd nonlinear charge coherent states. Based on our numerical results 
Mandel parameter Q\ for the first mode of the odd nonlinear charge coherent states is 
negative in some regions of x. The parameter Q\ for second mode with respect to all of the 
corresponding classes of charge coherent states will be negative in some regions of x. The 
generalized Mandel parameter will be negative for the first mode of even nonlinear 
charge coherent states while this quantity for the standard charge states is approximated 
to 1 (no classical feature) (see figure 10), and for odd one we obtained Q± ~ — 1. For 




(69) 
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second mode we obtained Q 2 — — 1 for all introduced classes of corresponding charge 
states. Recall that Mandel parameter of number states as the most nonclassical states is 
also —1. 

To this end, the oscillatory nature of photon distributions for even and odd nonlinear 
charge coherent states associated to both above physical systems is an intrinsic feature of 
these states, so need not to be discussed. 

6.2 Application to physical systems with known nonlinearity 
functions 

In this subsection we will concern with some classes of nonlinear coherent states whose 
corresponding nonlinearity functions previously introduced in the literature. Particularly 
they are harmonious states and SU(1, 1) coherent states. 

Example 1, Harmonious states: Sudarshan introduced coherent states for simple un- 
weighted shift operators that has named harmonious states with the nonlinearity function 

m 

f HS (n) = -±=. (70) 

Our numerical outputs for nonlinear charge coherent states associated to this system are 
very closely the same as the results obtained for hydrogen atom. So, paying attention to 
its dual family [I7J HH] with 

fDHsijl) = y/n, (71) 

is preferred. This nonlinearity function appears in a natural way in Hamiltonians de- 
scribing interaction with intensity-dependent coupling between a two-level atom and an 
electromagnetic field jl9]. We again observe that the results of our calculations are very 
closely the same as those of Poshl- Teller potential. The latter two facts may be expected 
from comparing the nonlinearity function ( 17D|) with ( |69l) and ( I7TT) with (1681) . 

Example 2, SU(1, 1) states: Two distinct sets of generalized coherent states have been 
introduced in the literature associated to su(l, 1) Lie algebra known as Barut-Girardello 
[50] and Gilmore-Perelomov [8j [51] coherent states. In [36] it has been demonstrated that 
Barut-Girardello coherent states can be created via the nonlinear coherent states method 
by means of nonlinearity function as 

f BG (n) = Vn + 2k - 1, k = 1/2, 1,3/2,.... (72) 

The convergence radius of corresponding states is R = 00. Our numerical results for 
the corresponding nonlinear charge coherent states and their even and odd counterparts 
indicate su(l, 1)— squeezing with respect to nonlinear charge coherent states and even 
counterpart in x 2 quadrature. On the other side, for odd nonlinear charge coherent states 
su(l, 1)— squeezing is observed in X 2 quadrature. For all of the corresponding charge 
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states g— factor is less than 1 showing the nonclassicality of states, for instance see figure 
1 1 which has been plotted using the corresponding nonlinear charge coherent states. But 
as it is observed this quantity is also nearly 1 for the standard charge states. According 
to our numerical results G— factor for associated nonlinear charge coherent states is ~ 1, 
while for even and odd ones it takes values less than 1. For second mode of SU(1, 1) 
nonlinear charge coherent states, generalized Mandel parameter for all of the charge states 
and modes will be negative at least in some finite regions (see figure 12 as an example). 
In this last case Qa becomes negative for both the standard and nonlinear charge states. 
Gilmore-Perelomov coherent states are defined by the nonlinearity function 

f G p{n) = l/Vn + 2k - 1, k = 1/2,1,3/2,... . (73) 

The convergence radius of corresponding states is the unit disk. The two sets of states 
Barut-Girardello and Gilmore-Perelomov are known as the dual pair [36]. Our numerical 
calculations show that the corresponding graphical results are closely the same as the 
charge states of hydrogen-like spectrum and harmonious states, qualitatively. This may 
be expected due to the functional form of the nonlinearity functions. The oscillatory 
nature of photon distribution for all of the associated even and odd nonlinear charge 
coherent states is again a clear fact. 

7 Summary and conclusion 

We sum up our presented results as follows. Based on the well-known nonlinear coherent 
states approach in quantum optics filed, we proposed a formalism to introduce the nonlin- 
ear charge coherent states in a general framework associated to any classes of "nonlinear 
coherent states" as well as arbitrary "solvable quantum system" with known discrete 
non-degenerate spectra. The nonlinear deformed algebra of the nonlinear charge coherent 
states is realized as suq(1, 1). After deducing the explicit form of the proposed states, 
we constructed the even and odd nonlinear charge coherent states, through symmetric 
and antisymmetric superposition of the states, respectively. Various nonclassical proper- 
ties of all classes of the introduced states associated to a few quantum physical systems 
have been investigated, numerically. The dependence of the nonclassicality nature on 
the "nonlinearity function" or "energy spectrum" has been clearly shown. According to 
our numerical results, generally, but not always the nonclassicality will be stronger when 
one deals with nonlinear charge coherent states comparing with the standard charge co- 
herent states. It is noticeable that this conclusion depends on the choice of f(n) and 
also the specific nonclassicality criteria. Besides the nonclassical properties which is the 
main interest in this field of research, a specific aspect of some of the introduced states 
are noticeable. We may refer to the nonlinear charge coherent state corresponding to 
hydrogen-like spectrum which behaves as intelligent state in Xi and X 2 quadratures. To 



17 



this end, our formalism provides a general and simple scheme for the construction of a 
vast classes of charge coherent states and their even and odd counterparts associated to 
any particular nonlinearity function as well as arbitrary solvable quantum system with 
discrete spectra. For instance, the application of the formalism to photon-added and de- 
pleted coherent states [52], anharmonic oscillator coherent states [53], isotonic oscillator 
[38| 154"] and other nonlinear oscillator systems, and investigating their nonclassical prop- 
erties is a straightforward matter may be done elsewhere. We hope that the nonlinear 
charge coherent states and their superpositions have been introduced in the present paper 
will also find their applications in various physical fields, as well as the standard charge 
coherent states [16j-[26j. 
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FIGURE CAPTIONS 



FIG. 1. The plot of su(l, l)-squeezing for x\ quadrature and x 2 quadrature as a 
function of x = |£| 2 for standard charge coherent state (f(n) = 1), and nonlinear charge 
coherent state associated to Poshl- Teller potential ifprin)) with fixed parameters v = 
3, q — 2. For the case f(n) = 1 the continues curve with point and dot-dashed curve, 
and for the case fpr(n) the dashed curve and solid curve are respectively indicate x\ and 
x 2 su(l, l)-squeezing. Notice that the continues curve with points and dot-dashed curve 
coincide with each other in the horizontal axis. 

FIG. 2. The same as Fig. 1 for even nonlinear charge coherent state associated to 
standard charge coherent states (f(n) = 1) and Poshl- Teller potential (fpr(n)) with fixed 
parameters v — 3, q — 2. For the case f(n) = 1 the dot-dashed curve and continues curve 
with points, and for the case fpr(n) the dashed curve and solid curve are respectively 
indicate x\ and x 2 su(l, l)-squeezing. 

FIG. 3. The same as Fig. 2 except that the X 1 and X 2 quadratures are considered. 

FIG. 4. The plot of g- factor as a function of x = |£| 2 for standard charge coherent 
state (f(n) = 1), and nonlinear charge coherent state associated to Poshl- Teller potential 
ifprin)) with fixed parameters v — 3,q — 2. The dashed curve corresponds to the case 
fin) = 1 and the solid curve corresponds to the case fprin). 

FIG. 5. The plot of G-factor as a function of x = |£| 2 for standard charge coherent 
state if in) = 1), and nonlinear charge coherent state associated to Poshl- Teller potential 
(fprin)) with fixed parameters v — 3, q — 2. The dashed curve corresponds to the case 
f(n) = 1 and the solid curve corresponds to the case fpr{n). 

FIG. 6. The graph of Mandel parameter for the first mode as a function of x = |£| 2 for 
standard charge coherent state (f(n) = 1), and nonlinear charge coherent state associated 
to Poshl- Teller potential (fpr(n)) with fixed parameters v — 3, q — 2. The dashed curve 
corresponds to the case f(n) = l and the solid curve corresponds to the case f PT (n). 

FIG. 7. The same as Fig. 2 except that standard charge coherent state (f(n) = 
1), and nonlinear charge coherent state associated to hydrogen-like spectrum (fnin)) is 
considered with fixed parameter q = 2. 

FIG. 8. The same as Fig. 3 except that standard charge coherent state (f(n) = 
1), and nonlinear charge coherent state associated to hydrogen-like spectrum (f'H{n)) is 
considered with fixed parameter q = 2. 

FIG. 9. The same as Fig. 4 except that standard odd charge coherent state (f(n) = 
1), and odd nonlinear charge coherent state associated to hydrogen-like spectrum (///(n)) 
is considered with fixed parameter q = 2. 

FIG. 10. The same as Fig. 6 the graph of generalized Mandel parameter for the 
second mode as a function of x = |£| 2 for standard even charge coherent state (fin) = 1), 
and even nonlinear charge coherent state associated to hydrogen-like spectrum (/p-(n)) is 
considered with fixed parameter q = 2. 
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FIG. 11. The plot of g- factor as a function of x = |£| 2 for standard charge coherent 
state (f(n) = 1), and nonlinear charge coherent state associated to Barut-Girardello 
charge coherent states (/bg(^)) with fixed parameters x = 1/2)5 = 2. The dashed curve 
corresponds to the case f(n) = 1 and the solid curve corresponds to the case fpxiji)- 

FIG. 12. The graph of generalized Mandel parameter for the second mode as a 
function of x = |£| 2 for standard charge coherent state {fin) = 1), and nonlinear charge 
coherent state associated to Barut-Girardello (/bg(^)) with fixed parameters x = 1/2, 1 = 
2. The dashed curve corresponds to the case f(n) = 1 and the solid curve corresponds to 
the case /bg(^)- 
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